Abstract-The use of the velocity potential of an incompressible fluid is an important and elegant tool for obstacle avoidance of mobile robots. Obstacles are modeled as cylindrical objectscombinations of cylinders can also form super obstacles. Possible trajectories of a vehicle are given by a set of streamlines around the obstacle computed by the velocity potential. Because of the number of streamlines and of data points involved therein, models of sets of streamlines for different sizes of obstacles are created first using dataset models and finally fuzzy models of streamlines. Once an obstacle appears in the sensor cone of the robot the set of streamlines is computed from which that streamline is selected that guarantees a smooth transition from/to the planned trajectory. Collisions with other robots are avoided by a combination of velocity potential and force potential and/or the change of streamlines during operation (lane hopping).
I. INTRODUCTION
A fast reaction of mobile robots to a sudden appearance of obstacles requires a safe avoidance strategy not only for off-line planned paths but also for autonomous motions. One method is to use the artificial force potential field approach introduced by Khatib in 1985 [1] where artificial attractive and repulsive forces are introduced to force the robot around an obstacle while heading toward a final target at the same time. Optimization techniques like market-based optimization (MBO) and particle swarm optimization (PSO) influencing artificial potential fields have been presented by Palm and Bouguerra [2] , [3] . Borenstein [4] introduced the vector field histogram technique, and Michels [5] applied the reinforcement learning method. Another successful method to cope with obstacle avoidance is the fuzzy logic approach which has been widely used for mobile robots since the early nineties. Martinez et al described a system of heuristic rules based on interaction of mobile robots and traffic rules [6] . Another rule-based approaches are presented in [7] . A fuzzy obstacle controller using so-called negative-fuzzy rules is reported by Lilly [8] . Stingu and Lewis combined a motion control fuzzy rule base using an occupancy map of the environment similar to an artificial potential field within which the robots interact [9] . A further fuzzy rule-based approach to obstacle avoidance can be found in [10] . A closer look at the problem of path planning and obstacle avoidance leads to a similar case when fluids circumvent obstacles in a smooth and energy saving way. The result is a bundle of trajectories from which one can conclude how an autonomous robot should behave under nonholonomic constraints. This leads to another kind of artificial Rainer Palm is adjunct professor at the AASS, Dept. of TechnologyÖrebro University SE-70182Örebro, Sweden, Email: rub.palm@t-online. de Dimiter Driankov is professor at the AASS, Dept. of TechnologyÖrebro University SE-70182 Orebro, Sweden, Email: dimiter.driankov@oru.se potential for obstacle avoidance that was introduced by Khosla [11] who used the velocity potential of fluid mechanics to construct stream lines in a working area of a mobile robot moving around obstacles in a very natural way. The velocity potential approach is a method which considers both the path/trajectory planning in the case of a well known scenario including static obstacles and the on-line reaction to unplanned situations like obstacle avoidance in an unknown terrain. Kim and Khosla continued this work with the use of the velocity potential function to avoid obstacles in real time [12] . Further similar research has been published by Li et al [13] , Ge et al [14] , Waydo and Murray [15] , Daily and Bevly [16] , Sugiyama [17] , and Gingras et al [18] . Most of these approaches use a point source/point sink combination for flow construction. This can be of disadvantage in the presence of a combination of tracking velocity vectors and obstacle avoidance vectors.
Therefore in [19] and also in this paper the velocity potential is preferred that uses a uniform flow plus a doublet representing a cylindrical obstacle. In order to handle several separated obstacles the so-called flow velocity average is used whereas the flow potential average acts to merge several obstacles to one super obstacle. The result are streamlines going around the obstacle(s) along which the robot is intended to move.
The contribution of this paper and the motivation to use fuzzy modeling is that because of the high number of streamlines and of data points involved therein, models of sets of streamlines for different sizes of obstacles are created first by dataset models and then by fuzzy models of streamlines. These models are used as "patches" within a predefined trajectory. In the case of an appearance of one or more obstacles in the sensor cone of the robot an appropriate streamline model is selected, from which that streamline is selected, that guarantees a smooth transition from the planned trajectory to the streamline. After having left behind the obstacle, the robot moves back to the original trajectory. In the case of possible collisions between robots that move on crossing streamlines, a change between streamlines during operation (lane hopping) is presented.
The paper is organized as follows. Section II presents the modeling and control of the mobile robot. Section III gives a brief introduction to fluid mechanics. In section IV the generation of dataset models and fuzzy models is addressed. Section VI deals with the change of streamlines (lane hopping) in cases of conflicts with constraints and static and dynamic obstacles. In Sect. VII simulation results are presented and Sect. VIII ends with conclusion and future work.
II. MODELING AND CONTROL OF THE VEHICLE

A. Kinematic modeling
In the following a nonholonomic rear-wheel driven vehicle is considered with the kinematics of a caṙ
2 -position vector of platform Θ -orientation angle -steering angle -length of vehicle 
B. Virtual leader
The trajectory generation is done by a 'virtual' vehicle (the leader) that moves in front of the 'real' vehicle (the follower) (see [20] ). The virtual leader acts as trajectory generator for the real platform at every time step, based on starting and end position (target), obstacles to be avoided, other platforms to be taken into account etc (see Fig. 1 ). The dynamics of the virtual platform is designed as a first order system that automatically avoids abrupt changes in position and orientatioṅ
v is composed of the tracking velocity v and velocity terms due to artificial potential fields from obstacles and other platforms The tracking velocity is designed as a control term
Among many ways of computing the control vector for the follower in (1) a local linear gain scheduler is applied under the assumption of a slowly time varying 'leader-follower' system (see [3] ).
III. SOME PRINCIPLES OF FLUID MECHANICS
In the theory of fluids the terms velocity potential, stream function and complex potential are introduced [21] . The socalled uniform parallel flow is introduced that corresponds to an undisturbed trajectory along straight lines. The flow of a doublet corresponds to a flow around a cylinder. Superposition of uniform flow and doublet leads to a model of a uniform flow around a cylindrical obstacle.
A. Velocity potential, stream function, and complex potential
Consider a flow of an incompressible fluid in the x,y plane with the velocities and in x and y directions, respectively. Define a function Φ( , ) -the so-called velocity potential with the property
∂Φ ∂Θ
Define further a function Ψ( , ) -the so-called stream function with
Consider finally a regular function ( ) of the complex variable = +
From this we get the conjugate complex velocity
The result is: from the complex potential containing the velocity potential and the stream function one obtains through a differentiation by a complex velocity containing the velocities in and direction which we need for the calculation of trajectories around a cylindrical obstacle.
B. Superposition of uniform flow and doublet
A uniform parallel flow is characterized by stream lines forming parallel straight lines = . Furthermore, a doublet flow is a combination of the flows of a source and a sink. The flow around a cylindrical object -an obstacle -is finally computed by a superposition of the uniform flow and the doublet which is a superposition of their complex potentials (see Fig. 2 ).
where is the flow, 0 is the radius of the obstacle = ( Θ + Θ) is the complex variable. 0 is the position of the obstacle in the complex plane, Θ is the angle between and the imaginary axis (see Fig. 2 ). The velocity components in polar coordinates are obtained as 
C. Superposition of two or more cylinders
For more than one cylinder we obtain from (9), and (11) velocity components and Θ in polar coordinates that will be transformed into cartesian coordinates by
Then, weighting functions for the velocities ( , ) are introduced depending on the distance of the actual robot position to the cylinder surfaces [15] , [16] 
The weighted sum of the velocities (flow velocity averages) in x-direction and in y-direction in cartesian coordinates
leads to the streamlines for the multiple obstacle case (Fig.3 ) where = / ∑ can be interpreted as a fuzzy measure with = 1... , -number of obstacles.
D. Forming of super obstacles
Cylindrical obstacle models are useful for quite a number of real situations during navigation between obstacles. However cylindrical models might be inappropriate for some kinds of obstacles like walls and objects the length of which is much larger than there width. Another case exists when the vehicle should circumvent a number of obstacles instead of navigating between them. A solution to this problem in the current framework are so-called super obstacles [16] which can be formed by the flow potential averages in contrast to flow velocity averages. Flow velocity average is computed by a. the velocity potential Φ of each obstacle and the regarding velocities separately b. the total velocity according to (12) Flow potential average is computed by a. the stream function Ψ of each obstacle separately. b. the total stream function Ψ .
c. Compute the total velocities ( , Θ )
and the cartesian velocities ( , ) according to (10) . 
IV. MODELING OF STREAMLINES
In order to make the online computation during obstacle avoidance more efficient, the modeling of a possible obstacle together with the regarding streamlines is done in advance. The use of this model takes place just at the moment of the appearance of the obstacle. The modeling can be described as follows: 1. Define a cylindrical model of an obstacle of well defined size (radius) where the size of the obstacle model be of approximately the same size of the real one. 2. Define an area in model coordinates (˜,˜) within which the obstacle model is positioned at (˜0,˜0) (special case:˜0 = 0) and a defined number K of streamlines around the obstacle that needs to be computed. The lengths of the streamlines are defined by time constraints ∈ ( 0 , ). 3. Generate a separate model for each streamline. In the following two kinds of models will be described: a) Modeling by a "dataset model" using all available data points b) Modeling by fuzzy time clustering
A. Modeling by a dataset model
Let an obstacle appear at time 0 in the sensor cone of the robot at the position ( 0 , 0 ) in robot coordinates. The use of the obstacle model requires a transformation of the obstacle and streamlines from model coordinates (˜,˜) into robot coordinates ( , ) at time 0 . Then the transformation of a point of the n-th streamline (˜,˜) in model coordinates into robot coordinates ( , ) yields (see Fig. 6 )
The number
of the starting streamline of one of the K streamlines is found by = (˜1 − 0 ). The number of time steps on the starting streamline is computed by = (˜− (˜0 − 0 )). The robot is supposed to start on streamline at 0 = and to move along this streamline until the obstacle disappears from the sensor cone at . After that the robot moves along the original trajectory. The multiple obstacle case will be discussed in the following where the index is left out for the sake of simplicity.
For a two-obstacle example see Fig. 7 : In this case we compute the streamlines for obstacles by
Fig. 7. Modeling of two obstacles
Since a combination of different obstacles is only possible via a summation of weighted velocities we approximate the velocities by
...
The streamlines are computed by
, (1)) is the starting point of the robot.
B. Modeling by fuzzy time clustering
1) The clustering principle: The basis for modeling are the datasets of the streamlines from which models for each individual streamline are developed using fuzzy clustering and Takagi-Sugeno fuzzy modeling ( [22] , [23] ). Here the time instants are considered as model inputs and the streamline coordinates as model outputs. Let the streamline coordinates be described by a smooth function
where x ( ) = ( , ) , f ∈ 2 , and ∈ + . Linearization of (21) at selected time points yields
By means of the local linear models (22) the nonlinear function (21) can be expressed by a Takagi-Sugeno fuzzy model
where
( ) ∈ [0, 1] is the degree of membership of a time point to a cluster with the cluster center , is the number of clusters, and ∑
=1
( ) = 1.
The general clustering and modeling steps are -Pick an appropriate number of local linear models (data clusters) -Find cluster centers ( , , ), = 1... , in the product space of the data triples ( , , ) by Fuzzy-celliptotype clustering -Find the corresponding fuzzy regions in the space of input data ( ) by projection of the clusters of the product space into Gustafson-Kessel clusters (GK) within the input space [24] -Calculate local linear (affine) models (23) using the GK clusters from step 2.
The membership degree ( ) of an input data point in an input cluster is then calculated by
The projected cluster centers and the induced matrices define the input clusters ( = 1 . . . ). The parameter > 1 represents the fuzziness of an individual cluster.
2) Fuzzy modeling of streamlines:
The difference between a fuzzy model and the dataset model is that the data triple (x( ), ) is computed by a fuzzy approximation instead of being selected from a "look-up table". However, the first step is to generate a "dataset model" by using all data points (see last subsection). On the basis of this dataset model the fuzzy time clustering model for each streamline is generated. Figure  8 shows the modeling results for 3 obstacles and 10 clusters per streamline. The detail in Fig. 9 shows that there are quite large deviations between the data (black) and the approximation (red). In contrast, an extension to 20 clusters shows a much better result (see Figs. 10 and 11) .
The advantage of a fuzzy approximation is that it requires a much smaller memory than that of the dataset model, especially for many streamlines. This is because, for the fuzzy model only the cluster centers -e.g. 20 data triples -are stored, in contrast to e.g. 1500 data pairs. However, a fuzzy approximation requires the online calculation of a robot position instead of just reading out the next desired position from the dataset model. This disadvantage can be avoided by a combination of both methods: Once the streamline to be activated is selected, then the regarding dataset is computed for using during motion.
V. STREAMLINE CALCULATIONS IN THE ROBOT AND BASE FRAME
The previous calculations are performed in a coordinate frame corresponding to the local robot frame. In the multirobot case this concerns every involved robot so that a total view of the whole scenario can only be obtained from the viewpoint of the base frame. 
Let , be the obstacle coordinates in the base frame. Then the following steps to compute the streamline array in base frame coordinates (x , 1) = ( , , 1) are
Transformation of the obstacle coordinates
, from the base into the robot frame
2. Calculate the velocities along the streamlines v ( ), -discrete time step, from eqs. (9) and (10) in T1 and the corresponding streamline array x ( ) where x ( + 1) = x ( )+v ( )⋅Δ and Δ = ( )− ( − 1).
Transform the streamline array x
into the base frame T0
After that, that streamline is selected for the robot to move along which is the closest streamline to the original predefined trajectory. In order to get a smooth connection to the original trajectory appropriate transition filters are used [19] .
VI. CHANGING OF STREAMLINES DURING OPERATION (LANE HOPPING)
A. Lane hopping using the dataset model
The change of a streamline during operation (lane hopping) becomes feasible if several streamlines are computed in advance. Once a streamline is selected for a platform it may be necessary to change to another lane because of the following reasons:
1. The platform is too close to a static obstacle 2. The actual streamline violates hard/soft constraints 3. The platform is expected to collide with another moving obstacle (platform) Fig. 14) is realized by a filter function either in the robot or world frame.
where it is assumed that the x-positions in the robot frame
is the number of time steps for which
For a global (centralized) control of a group of robots it is possible to compute possible collisions of platforms in advance. Let us compare the 5 lanes each of platforms 1 and 2 and calculate the discrete time stamps at their crossings, and the difference between these time stamps. Let for example robot 1 move on lane 5 and robot 2 on lane 2. Lanes 5 and 2 cross at = 367 for robot 1 (see Fig. 15 , matrix K12, blue circle) and for robot 2 at = 369 (see matrix J12, blue circle) . The distance between the two entries is 2 (see Fig. 15 , matrix del12) which points to a collision at time ≈ 367. In order to avoid a collision many different options are possible. We have chosen the following option: robot 1 → lane 4, robot 2 → lane 1. The result can also be observed in Fig. 15 , red circles. The difference (distance) between the time stamps = 316 for robot 1 and = 366 for robot 2 is 50 which is sufficient for avoiding a collision. 
B. Lane hopping using the time clustering model
In the case of the time clustering model the time points for crossing are computed in the same way as for the dataset model. The only difference is that the cluster centers are equidistant in time and sparsely distributed along the streamline in contrast to the dataset model. The precision of the results depends highly on the number of cluster centers. Figure  17 shows the 3 robot / 3 obstacles scenario with 20 cluster centers for each streamline. Figure 18 illustrates in detail the corresponding pairs of cluster centers for selected streamlines. The numbers (5,2) of the pairs can be read as follows: robot 1 on lane 5 (time step 350) AND robot 2 on lane 2 (time step 350) are the closest possible positions near the (theoretical) crossing point of the streamlines 5 (robot 1) and 2 (robot 2). The time steps are included in the cluster center data triple ( , , ). Figure 16 shows the matrices for robot 1 and 2 and the combination for possible collisions: (5,1), (5, 2) . An additional safety distance of 50 steps leads to more pairs of a possible collision: (4,1),(4,2), (5, 3) , (3, 4) , (4, 4) , (1, 5) , (2, 5) . Therefore, the robots are supposed to move from (5,2) to (3,1) which means that they reach the new crossing point with a safe time distance of 100 time steps. First, a comparison between the artificial force potential (see [1] ) and the velocity potential (see Fig. 19 ) is presented. Here it can be observed that the force potential leads to an unnecessary wide circumvention around the obstacles while the velocity potential results in a better energy saving [19] .
In Fig. 20 an example of a fuzzy model is shown, where a robot moves between three obstacles. The model is used for each obstacle separately, to generate a robot trajectory step by step by blending the individual streamlines using weighting The next simulation results consider lane hopping with dataset modeling and fuzzy modeling. Figure 21 shows the imminent collision of robots 1 and 2. Figure 22 and 23 show the lane hopping for the dataset model and the fuzzy model, respectively. Here we observe a higher built-in safety for the fuzzy case, which is necessary because of the rough calculation of the crossing points. 
VIII. CONCLUSIONS
The velocity potential of an incompressible fluid is an important tool for obstacle avoidance of mobile robots. Sets of streamlines, based on the velocity potential, are used for the avoidance of static cylindrical obstacles. Several distributed obstacles can be tackled by the so-called flow-velocity average. Big non-circular obstacles (super obstacles) can be modeled by the flow potential average. The high computational effort of the method is mainly determined by equations (9, 10, 26, 27) to be computed for n streamlines and m time steps at the moment of the detection of an obstacle. Therefore, dataset models and fuzzy models are generated to save memory and to accelerate the online computation of streamlines. To avoid possible collisions between robots that move on crossing streamlines a change between streamlines during operation (lane hopping) is presented. This is done for dataset models and fuzzy models. A future work lies in the improvement of the streamline models and to implement this approach for real applications.
